The present study focuses on two stochastic elements, i.e., demand and yield, in planning the disassembly. The disassembly operation produces multiple types of parts, and the demand for each part type is generated independently. The present study applies the linear inflation rule (LIR) to the disassembly planning. The LIR defines the order quantity to minimize the expected cost by using a simple equation. The LIR assumes a single type of output. Thus the present study applies LIR to a selected part to obtain the quantity to be disassembled. This method may produce excess inventory or incur shortage in other parts. Thus it is allowed to dispose disassembled parts or purchase new parts adequately. As the selection of the maximum and minimum inventory levels greatly affects the performance, a single simulation run is applied, and the collected data are utilized to estimate the total cost under the different levels of maximum and minimum inventory. The effectiveness of the proposed method is confirmed through the numerical experiments.
INTRODUCTION
To reduce the environmental burden, activities to collect used products from consumers, and then disassemble these products to obtain useful parts are inevitable. The products collected are disassembled and then inspected. If the quality of a part is acceptable, then the part may be utilized for the production of new products. Sometimes these parts are used directly. However, the other parts may be used after the process of melting or other activities. These activities should be prepared to support the production plan of new products. Under the rapid change of market demand, it is hard to forecast the requirements of these parts. In addition, the quality of the collected products is uncertain in general. Therefore, it is not an easy task to decide the optimal disassembly quantity. The problem to be explored in the present study belongs to the field of reverse logistics, closed-loop supply chain, remanufacturing, and environmentally conscious manufacturing, and much research effort has been devoted in these areas. Govindan et al. [1] , Ilgin and Gupta [2] , and Pokharel and Mutha [3] summarize related papers and present excellent discussions. In disassembly scheduling, Kim et al. [4] say that considering uncertainties is a future research direction. Pokharel and Mutha [3] also indicate that assessing the stochastic nature of supply and demand and the yield from a remanufacturing process is an important research direction. Several papers consider the problem of managing remanufacturing systems under demand and yield uncertainties. Li et al. [5] explores the remanufacturing and pricing decisions with random yield and price-sensitive random demand. They develop singleperiod analytical models assuming that a single type of remanufactured product is produced. Tao et al. [6] focus on a remanufacturing system with random returned quantities of cores, that is, returned products, and random demand for a single serviceable product produced by remanufacturing. They provide optimal policy of remanufacturing multiple types of cores with random yield over a finite planning horizon. Teunter and Flapper [7] also focus on the problem of uncertain quality of cores. They provide optimal acquisition and remanufacturing policies for both deterministic and uncertain demand under a single-period setting, and a single-type of remanufactured product.
The uncertainty in yield has been discussed in many papers (Henig and Levin [8] , for example), but most of them assume that one kind of output is produced from raw material. On the other hand, the disassembly process often produces multiple kinds of outputs. The average yield rate may vary depending on the type of output. Therefore, the expansion of approaches proposed in previous studies is not easy. One remarkable study conducted by Inderfurth and Langella [9] develops a heuristic method to obtain the disassembly plan under the yield uncertainty. They assume that the demand is deterministic and unused disassembled parts will be disposed at the end of each period. However, it may be realistic that unused parts will be utilized in the next period. The present study applies the linear inflation rule, LIR, proposed by Huh and Nagarajan [10] to the disassembly problem with stochastic yield and demand. LIR defines the order quantity to minimize the expected cost by using a simple equation. Even though its structural simplicity, LIR achieves better performance than several other heuristics [10] . Recently, Inderfurth and Kiesmüller [11] develop two different models for binomial and stochastically proportional yield under LIR. The problem of modeling yield uncertainty in disassemble-to-order environments is analyzed by Inderfurth et al. [12] . As LIR assumes a single type of output, the present study expands the LIR to handle multiple types of outputs. The present study focuses on a single type of product that contains multiple types of parts, selects a part, and then applies LIR to obtain the quantity to disassemble. Because this method may produce excess inventory or incur shortage in other parts, it is allowed to dispose of stocks or purchase new parts. Tersine and Toelle [13] propose a disposal of stock based on the notion of optimum time supply, using the following four terms; salvage revenue, holding cost savings, repurchase costs, and reorder costs. The purchase or procurement is also inevitable if demand is never lost even if a shortage occurs. Langella [14] considers five cost drivers, that is, core procurement cost, separation costs, holding costs, leaf procurement costs, and disposal costs in disassembly planning. The present study proposes a simulation-based estimation method for estimating the total cost under varying inventory bounds.
Numerical experiments show that the proposed method is acceptable for estimating the total cost. The assumptions introduced in the present study and the linear inflation rule to be utilized are explained in section 2. An extension of LIR is explained in section 3, and the proposed method is illustrated in section 4. The performance of the proposed method is examined in section 5. The paper concludes by showing the findings and future research issues in section 6.
ASSUMPTIONS AND LINEAR INFLATION RULE 2.1 Assumptions

1.
A single type of product containing multiple part types is focused as shown in Figure 1 . Let the number of parts to be obtained by disassembling the product be . It is assumed that the enough amount of products is collected in advance, and thus disassembling the requested amount of products is always feasible.
2.
The planning horizon is divided into discrete periods.
3.
The disassembling activities consume negligible time duration, and all planned products are completely disassembled into final parts in a period.
4.
At the beginning of a period, the disassembling quantity of the product is determined. After that, the disassembly activities are conducted and then final parts are obtained, but their quantities are uncertain. These obtained parts and ones in inventory are used to satisfy the demand at the current period.
 If the demand of a part is less than available quantity of the part, then the remaining quantity is carried into the next period as inventory. However, if the remaining quantity of the part is greater than a predetermined value, then the exceeded quantity is disposed at a cost.

If the demand of a part exceeds the available quantity of the part, then the unsatisfied demand is backordered and should be satisfied at the next period first. However, if the backordered quantity is greater than a predetermined value, then the excess quantity is satisfied by purchasing the part from outside.
5.
The distribution of demand of each part is known and independent on other parts. The yield of a part is also assumed to be described by a distribution and to be independent of other parts.
6.
For one unit of part , let the cost of holding for a period be ℎ , the cost of backordering for a period be , the disposal cost be , and the cost of purchasing be . The total cost at a period is given by adding these four cost terms, and the averaged value over the planning horizon is the performance measure of the disassembly plan. 
Linear inflation rule
Suppose that only one part will be obtained by disassembling the collected product . Let the beginning inventory of part at period be , , the yield of part from disassembling one unit of product in period be , , the realized demand for part in period be , , and the ending inventory of part at period be , . The value of , becomes negative if a shortage occurred. The following equations can be constructed:
where represents the quantity to be disassembled in period . The LIR defines the value of by using the target inventory level , and inflation rate as follows:
The average total cost per period ( , ) over periods is given by the following equation:
The operators [ ] , and [ ] give the non-negative value and represent the positive and negative part of the argument, respectively. Several papers discuss the problem of finding the best values for these parameters (see, [10] , [15] , [16] ), and the present study adopts the most fundamental method called MULT. The MULT defines the value of as -fractile of the demand distribution , while be 1/ [ ] where represents the random variable of yield, and [ ] represents the expected yield of part [10] .
AN EXTENDED LIR FOR DISASSEMBLY PLANNING 3.1 Basic idea
As stated earlier, LIR assumes that a single part will be produced from a single product. On the other hand, the disassembly operation produces multiple parts from a single product in general. By increasing the quantity to be disassembled, the expected quantity obtained will be increased in all parts. Therefore, if the disassembly quantity is decided based on the demand of a part in all periods, then the average quantity obtained through disassembly is expected to be more than or less than the average demand in all other parts in general. It means that if LIR is used in planning the quantity to be disassembled by focusing on a part, then the inventory level of the other parts will show an increasing trend or a decreasing trend and it causes higher inventory cost or shortage cost. This investigation indicates that it is not a simple task to apply LIR to disassembly planning. Selecting a part for LIR in each period dynamically, i.e., without paying attention to the previous selection, may be profitable. However, it will need a complicated management procedure, and paying attention to the change of part in every period may be troublesome. Obtaining the desirable disassembly quantity of each part in each period, and then deciding the disassembly quantity to minimize the total cost is also another candidate approach, but it is also not so simple and may be unattractive for realistic situations. Thus the present study selects a single part as the key part in advance, and then applies the LIR to the key part in every period. In general, some parts can be identified as important, and these parts may be the candidate of the key. The primary feature of this approach is its simplicity, and it will minimize the expected cost of the key part. The other parts, however, may be produced more than or less than the average demand, and produce high inventory cost or backorder cost for these parts. This issue is handled by introducing the disposal of excess inventory and purchasing for backordered parts based on the appropriate lower and upper limits.
Upper and lower limits on part inventory
Even under the stochastic yield and demand, if one part is selected and LIR is applied throughout the planning horizon, then the inventory of the other parts shows either an increasing trend or a decreasing trend. It is a natural idea to introduce the process of disposal and purchase for these parts. To be more specific, let the maximum inventory level of part be Max , and if the inventory level of at the end of period , that is, , , is greater than Max , the exceeded quantity will be disposed and the remaining quantity is carried over to the next period. If the minimum inventory level of is Min , and the inventory level of at the end of is less than Min , then the amount given by Min − , will be purchased and used to satisfy the demand. By using these mechanisms, the beginning inventory level of part is maintained within the minimum and maximum levels.
SIMULATION-BASED TOTAL COST ESTIMATION
The present study applies LIR to a key part, and the inventory level of the other parts are maintained by introducing the minimum and maximum inventory levels. Apparently, the total cost is affected by the selection of key part, and the configuration of minimum and maximum inventory levels. Under the condition that the key part is given in advance, the total expected cost can be obtained by simulation using candidate values of minimum and maximum inventory levels. If there are many candidate values for the maximum and minimum levels, then evaluating each candidate combination of minimum and maximum values may cause long simulation time in total. The aim of the present study is to reduce the burden of simulation to evaluate each candidate value of minimum and maximum inventory levels. To be more specific, the present study proposes a heuristic method to estimate the total cost under the given minimum and maximum inventory levels. The background of the heuristic method to be developed is based on the feature of LIR in disassembly planning.
LIR in disassembly planning
The quantity to be disassembled is decided by the key part, , and the inventory levels of the other parts do not affect the LIR decision. Therefore, under the given yield distribution and demand distribution of a part, , ≠ , the distribution of the value defined by the produced quantity minus demand, that is, the net excess of obtained quantity after satisfying demand, can be obtained by running simulation. The distribution can be considered as a function that converts the initial level of inventory into the ending level of inventory. Thus, if the distribution of the initial inventory level is given, then the distribution of the ending inventory level can be obtained. Figure 2 (a) shows an example distribution of the net excess of obtained quantity after satisfying demand. The value of net excess takes both positive and negative in this example, and the distribution has one peak around zero. Note that the quantity obtained is decided by LIR and thus the distribution of the net excess is independent on the value of the initial inventory level of this part. By reflecting the initial inventory level of this part, the distribution of the ending inventory level can be obtained, as shown in Figure  2 (b) . In this distribution, the peak is moved right, and the range of values from the minimum to the maximum is expanded. To reduce the level of shortage and the excess inventory, it is assumed that the minimum and maximum inventory levels are given as −30, and 50, respectively, in this example. Then the quantity exceeding the maximum level is truncated at the maximum value, and thus the frequency that the ending inventory after the possible disposal operation is equal to the maximum value is greatly increased as shown in Figure 2 (c) . A similar handling is activated for purchasing to reduce the level of shortage. As Figure 2 (c) shows, the values less than the minimum level is moved to the minimum value, and thus the frequency of realizing the minimum value is increased. The distribution shown in Figure 2 (c) becomes the beginning inventory, and by combining (c) and (a), then the distribution of (b) is obtained. Figure 2 . Three distributions of a non-key part.
Heuristic estimation of inventory levels
Under the condition of given key part and the minimum and maximum inventory levels for the other parts, three distributions shown in Figure 2 can be obtained by conducting simulation and store all of the generated values at the end of every period. As all values are continuous, real values are rounded to the nearest smallest integer, and the frequency of all possible values are recorded to generate frequency distributions. It is implicitly assumed that one unit is an enough granularity to estimate the distribution under the modified maximum inventory level of a non-key part. Let ( ) represent the percentage of net excess values that are equal to , as a proportion between 0 and 1. Similarly, let ( ) represent the percentage of beginning inventory levels that are equal to as a proportion between 0 and 1. These two frequency distributions correspond to Figure 2 (a) and (c) . Now the distribution shown in Figure 2 (b) can be estimated by the following calculation, assuming that the frequency distribution of the ending inventory level of is represented by ( ):
The beginning inventory level after the disposal, for example, can be estimated by (i) obtaining the percentage of values more than the maximum level, and then (ii) add the obtained value to the frequency corresponding to the maximum level.
The effect of modifying the maximum inventory level can be estimated based on the above steps. After getting the frequency distribution of the ending inventory level, the frequency distribution under the revised maximum or minimum inventory level is obtained. However, it is not a good way to apply the above step only once. Because at the beginning of the step, the frequency distribution of the initial inventory level is obtained under the initial condition of the minimum and maximum inventory levels. If these values are modified, then distributions of the ending inventory level is also modified. It means that it is necessary to repeat the above steps several times until the frequency distributions of the ending inventory in two iterations becomes nearly the same. In the experiment described in the next section, the sum of the absolute difference of the percentage values for all possible values of inventory level was calculated and judged as converged if the obtained sum is less than 1.0E-6.
Expected value calculation
The final step of the heuristic method is to calculate the expected values to evaluate the candidate minimum and maximum values. When the distribution of the ending inventory is judged as converged, then the expected values are obtained using the procedure written by pseudocode shown in Figure 3 . The percentage of ending inventory levels that are equal to i as a proportion between 0 and 1, is stored in array inv [i] , and the minimum and maximum inventory levels are represented by MIN and MAX. The minimum value of the ending inventory is represented by inv.min, and the maximum is inv.max. The expected on hand inventory, backorder, purchase, and disposal is given by the corresponding variables in the code. Note that the present study assumes that MIN is negative, the values of MIN and MAX are both integer, and all variables are initialized in advance. 
SIMULATION EXPERIMENTS 5.1 Conditions
Three part types are involved in the collected products.
The demand and yield of each part are assumed to follow normal distributions, and Table 1 indicates the parameters of each distribution. The values of cost parameters of part 1 to 3 are as follows: ℎ = {1, 1, 1}, = {5.667, 9, 19}, = {4, 2, 2} , and = {50, 50, 50} . The average values were calculated under = 10 . It is assumed that the key part is 2, and the minimum and maximum inventory levels of these part types are as follows: Min = {−30, −100, −16}, and Max = {50, 300, 29}. 
Results and discussion
The average values under the based condition described above are summarized in Table 2 . Part 2 is the key, and the minimum and maximum levels of it is very small and large, thus the average value of purchase and disposal were zero as shown in the table. Four conditions were examined in this experiment. First is the change of maximum inventory level of part 1, from Max = 50 to 45. The estimated values are shown in Table  3 with the comparison with values obtained by the simulation. Table 4 shows the results under the increased minimum inventory level of Min = −25. Table 5 shows the estimated values under the modified minimum and maximum inventory levels of Min = −20 and Max = 40. These tables indicate that the proposed method tends to overestimate the positive inventory level. Thus other average values also indicate slightly higher or lower than that of the simulation results. The quantity of purchase indicates nearly zero difference because of the smallness of it. The total cost calculated from the estimated values are almost the same as the total cost calculated from the simulation result, even under the change of minimum and maximum levels by 10.
CONCLUSION
The disassembly planning problem with stochastic yield and demand has been investigated in the present study.
The linear inflation rule (LIR) is adopted and used in one of the parts as the key. To avoid excess stock and shortage, the minimum and maximum inventory levels are established in all other parts. The average values are estimated by using frequency distributions obtained via a single run of simulation. By conducting simple calculations, the estimated average values under modified minimum and maximum inventory levels can be estimated satisfactorily.
There are at least two remaining research issues. The first is the selection of key part. It is clear that the selection of key part affects the total cost. Under the current framework, it is necessary to conduct a simulation run for each candidate key part. Focusing on promising parts should be realized by appropriate methods. The other issue is the introduction of minimum and maximum inventory levels for the key part. The original LIR does not include the minimum and maximum inventory levels. However, preliminary simulation experiments indicated that limiting the inventory level of the key part may realize lower total cost, even if the cost of the key is increased. This result implies that an interesting research issue is the decision of optimal minimum and maximum inventory levels for all parts. 
